a scaling description of the breakdown of hydrodynamics which occurs for d~2. Other models are also described in Sec. II. A kind of universality applies: large classes of models exhibit similar infrared, 'long-time properties.
In particular, the more "realistic" models all exhibit a spectral density function E(k) which goes as k" ' at small wave number. This agrees with a result obtained by Saffman' for homogeneous isotropic turbulence. We should note, of course, that our considerations refer to the region of effectively small Reynolds' number, and E(k) ™ k~' is simply a consequence of equipartition and phase-space considerations. It is all the more noteworthy, therefore, that one model (model 8), which forces the Navier-Stokes equation even at k = 0, leads to rather different results at small k. Here nonlinearities dominate the infrared behavior of E(k) below four dimensions, and lead to logarithmic anomalies in d=4.
We have supplemented our analysis of the Nav- Three. prototype models will be discussed corthe force. We are concerned here with the infrared, longHme properties of correlations generated by f(x, t). Clearly, the long-wavelength fluid behavior will depend to some extent on the properties of the force. However, as mentioned in Sec. I, some degree of universality applies even at large distances. While we will not attempt to treat the formidable and probably more interesting problem of the ultraviolet (short-distance, short-time} correlations described by (2.1), i.e. , of fully devel-. oped turbulence, the infrared properties are in- (2.12) where the "random force" f~vanishes on the average, is uncorrelated with the initial value e(x, 0), and where 
Here we have defined an unrenormalized propaga-
and the function (3.3)
where P&z(k) is the transverse projection operator,
(3.5) (v, . (k, (u) Intermediate recursion relations for the propagator, the force-force correlation, and for X are shown schematically in Fig. 1 Fig. 1(c) 
To implement the second step of the dynamic renormalization group procedure we set
(3.14) The function z(l) is still arbitrary at this point. However, z(l) drops out of the recursion relation for the reduced coupling X, namely,
where we have set
The rescaling of k compensates for the eliminated degrees of freedom, and f(l) and (((l) are to be determined. The force must be rescaled by
(3.16)
The recursion relations for v and D are then given to order e'~'. The solution of (3.25), which displays the behavior described above, is
(3.30)
Because the renormalization group can obviously be iterated it is convenient to replace l by an infinitesimal parameter 5, which leads to diffexen tia/ recursion relations. More accurate values of the parameters v(l), D(l), and X(l) (which describe the system after a finite fraction 1 -e~' of the degrees of freedom have been eliminated) are then obtained by integrating these differential equations.
On taking the limit 6-0 we find'4
Thus, as l-~, z(l) approaches a fixed value,
(3.31)
The homogeneity relation (3.9) follows from the fact that for k& e ', G, . &(k,~) can be computed both from the original and the reduced set of equations. Because of the velocity scaling (3.14) we have (3.46) where G,(k, e) is again given by (3.3), and the parameter Xp has been inserted multiplying the nonlinearity. The recursion analysis proceed as sketched for model A; the graphs shown in Fig. 1 again appear, but with interpretations dictated by (3.46) and (2.10). Because of Galilean invariance the "vertex correction" graphs" shown in Fig. 1(c This relation, together with a Ward identity related to the Galilean invariance of the theory, will lead to a nontrivial prediction in one dimension.
Specifically, we will demonstrate that the corre- After completely averaging over the fluctuating velocity field, the "temperature" relaxation is customarily described by
A parameter X, has been inserted in the nonlinear term, and we have introduced the bare diffusion propagator 9,(k, n)}= [-i&v+Kok'] ' (3.56) Equation (3.55), which is to be solved in conjunction with (3.2), is depicted schematically in Fig. 2(a) together with its iterated solution. Figure   2 (b) shows a schematic representation of (3.2}. .
The relaxation from the initial condition T(k, f = 0) results upon averaging over the fluctuating velocity field. As discussed earlier, this can be done gradually, by integrating out modes in successive shells of k space. The graphs which represent the recursion relation for the diffusion propagator are shown in Fig. 2 It is then easy to show that the renormalized diffusion coefficient K"scales according to
where the dimensionless ratio I(:(/) = tc(/)/v(/) obeys the recursion relation fixed at v"we find that x(/) is given by the equa- This equation, together with (3.61) and (3.64), determines x"(k, u&) in implicit form On setting k = 0. , it is straightforward to exhibit a long-time tail in (("(0,~) =~+ [iX/6(((v+ (() 
(3.68) ((z(0, (d) ((= v(((E-~) . Similarly, the divergence of the super-Burnett coefficient in three dimensions is easily understood by a "corrections to scaling" analysis of )("(k,&=0). In two dimensions the result, for asymptotically small k and &, can be written in the intriguing form In particular the graph shown in Fig. 1(b) is necessary to keep D(E) fixed at D, and to preserve the form of the Navier-Stokes equations. The resulting recursion formulas for v(E), D(E), and X(E), accurate to 8(X'), are 73) where B~= K~(d -2)/2d with K~a s defined in (3.48).
The equation for the reduced coupling X = -XDz '/v'~'
z(E) = 2 -B~X'(I).
Above four dimensions (3.64) exhibits a stable "hydrodynamic" fixed point at X*= 0, which leads to the conventional result z 2. Below d= 4 however, a stable nontrivial fixed-point controls the infrared properties. Thus, the asymptotic behavior of the frequency rescaling exponent z(E) is (3.75)
(3.76)
The homogeneity law analogous to (3.32) for model B is 80) and thus approach the fixed point as e""', for d~2.
The. Fig. I(b) 14, and is given in detail for a problem in dynamic critical phenomena by Halperin, Hohenberg, and Siggia. " We will not pause to repeat such a demonstration here, but instead refer the reader to the graphical treatment in Sec. IV. As stated in that Section, we have been unsuccessful in producing a graphical proof that the r'esult (3.82) for model B is correct to all orders. the lower edge of the pulse is reached. At this point, the system is described by renormalized equations of motion in which "partially dressed" couplings v(I,) and X(l,) appear.
The crucial feature is that the force-force correlations no longer contain a constant part, and behave instead as k' for small k. Although this k' term was irrelevant in the analysis of model B, it now dominates the infrared behavior. No nonanalytic terms such as k or k' ' can appear at. this point because the (analytic) recursion relations have only been integrated a finite amount of "time" l, = ln(A/A). Model C now resembles model A, and can by analyzed by the methods developed in Sec. III B. In particular, the infrared properties of the two models should be identical.
These conclusions should not depend on the rather special rectangular shape of D(k). We expect that any force whose autocorrelation is cut off both above and below will generate dynamics falling into the universality class exemplified by model A. (1) d&2.
( 4 7) and the renormalized viscosity is singular, '(k, &u) and G~'(k, &u). In three dimensions, the renormalized viscosity appearing in (3.3V) is then given by vz(0, &u) = v+ [7iX/120mv](iu)/2v)'t'+ 6((u), (4.9) vz(k, 0) = v -(1+~n)(y/96m v)k+'6(k'), (4.10) where as in Sec. III 
(4.15) Fig. 1(a) , we have v~(k, (u) 
x P,""(k)I"", (k, (u)u~~(k, (d) +~~, (A1)
"qn x C,(q, A)P, "(q) .
A combinatorial factor 4 is associated with the graph of Fig. 3 
As an illustration of the analysis developed in Sec. III, we extract a recursion relation for model A from the graphs shown in Fig. 1(a) . The procedure is very similar to that sketched by Ma and Mazenko, ' but is complicated by a proliferation of indices appearing on transverse projection operators. The indices and momenta accompanying the Feynman graph of Fig. 1(a) are shown in Fig. 3 , together with the meaning of its constituent eleThus the diagram in Fig. 3 It is a simple matter, in principle, to work out graph rules that describe the extension of this second-order calculation to higher orders. We will not do so here but mention that (i) The perturbation theory of MSR can be further simplified for model A by noting that vertex corrections vanish in the infrared limit. This result is essentially a consequence of Galilean invariance and is easily proved to all orders in perturbation theory. The theory of MSR involves three vertices. However, in the case when the steady-state distribution is Gaussian it has been shown by Kawasaki" that only one type of vertex need be considered. In the notation of MSR one then shows tha. t the vertex F, ' . &" (k"k,; f"f"f, ) reduces to its bare value y;J (k&+k, )6(t, -t,)5(t, -t,) when the ex- (c) The bare interaction has the form (B6) and one notices that the pressure terms will not contribute if the vertex is an internal one (i.e. , has no external lines attached), because of the incompressibility condition. Thus, what enters is P, -exp -(v,/2D, ) Q v;(k)v, *(k) (B1) and thus show no corrections in any dimension. In particular this result also applies to Burger's equation (2.8) with the forcing function (2.10).
The FDT takes the form G(k, (u) = (D,/v, ) [Gs(k, u) ) + G~(k, (u) Figs. 4(a) and4(b) . With the time order t, &t, &t, we use (d) to convert both these diagrams into the form shown in Fig. 4(c) . The lower left vertex has the form y;'z (-k') in 4(a) and y, 'z (k') in 4(b), the rest of the diagram being the same in both cases. As y;'&"(-k')+y&& (k') =0, the sum of 4(a) and 4(b) vanishes. 
